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( ) 5
f x

x
=( ) 6 4f x x= −

( ) 46 cos 3sinf x x x x= − +( ) ( )cos 7 2f x x= +

( ) ( )4
sin 5 4

5
f x x= +( ) 3tan 1f x x= −

( ) cosf x x x=

( ) 5 41 1
4 6

5 4
f x x x x= − − −

( ) 1

sin
f x

x
=

( ) ( )7
2 1f x x= −

( ) ( ) ( )2

2

2 2 2

8 2 8 4
8

2 8 2 8 8

x x x x
f x x x

x x x x x x

′+′ + +′ = + = = =
+ + +
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ا���ذ: ���� 
 

 
( ) ( ) ( )

( ) ( ) ( )2 2 2

4 2 1 2 4 3 8 4 8 6 2

2 1 2 1 2 1

x x x x
f x

x x x

− − × − − − +′ = = =
− − −

  

)�C0��1 ا�����ة ا����'� :  )15 ) 1n nu nu u−′ ′= ×  

( ) ( )( ) ( ) ( ) ( )7 7 1 6
2 1 7 2 1 2 1 14 2 1f x x x x x

−′ ′′ = − = × − × − = −  

I II. ;��- ��$� دا�(� -�DI*ا�- ا��  :و �)�- ا�
-�9�:1:����f  وg  �'��
Iدا��'� 
����'� ��� ا���ا�! ��� 

)%-',: Jو  )f I J⊂ 0, وx  �
 ����I.  

0&�%�� �$#���ق �! fإذا �8�X ا��ا�� �xو ,g  !� ق���#$� ��%�&

( )0f xن ا��ا���� ,gof  !� ق���#$� ��%�&0x    

)و �����: ) ( ) ( )( ) ( )0 0 0gof x g f x f x′ ′ ′= ×.  

� X��8 إذاfل���ق g, وIدا�� &�%�� �$#���ق ��� ا�0�#$� ��%�&

)��� ا�0�ل )f I ن ا��ا���� ,gofل���ق ��� ا�0�#$� ��%�&I    و

  :�����( ) ( ) ( ) ( )( ) ( );x I gof x g of x f x′ ′ ′∀ ∈ = × 

) :�	�ل ) 2sin( 1)h x x= و)�د ا��ا��  hأدرس ا#���ق ا��ا��  +

 ��  ا�0/�
  ھ! 
�48 دا��'� : h�$)_ أن ا���اب:

( ) 2 1f x x= )و + ) sing x x=  وh gof=  

) Vن : ) ( )( ) ( )( )h x gof x g f x= =  

( ) ( )( ) ( ) ( ) ( )cos ² 1 2 2 cos ² 1h x g f x f x x x x x′ ′ ′= × = + × = +  

;,��&7 :( ) 2sin( 1)h x x= و)�د ا��ا��  hأدرس ا#���ق ا��ا��   +

��  ا�0/�
 -�9�:2:��'�I�0` ]�
ℝو,f �� & 3'76و ر ����
دا�� 

  .  ����Iا 
�0x, و ���I ا�0�ل

� X��8 إذاf  !� ق���#$� ��%�&0xو( )0 0f x′ 1f,��ن ا��ا��≠ −

��ق �! �#$� ��%�&( )0f x :����� و( ) ( )( ) ( )
1

0
0

1
f f x

f x
− ′ =

′
    

�  X��8 إذاf ل���ق ��� ا�0�#$� ��%�&I  ] ��%-', دا��R� ا�0/�

)(أي ���6Iم ���  ) ( ); 0x I f x′∀ ∈ ≠(  

�1f�ن ا��ا��  ��ق ��� ا�0�ل −�#$� ��%�&( )f I     

)و �����: )( ) ( ) ( ) ( )( )
1

1

1
;y f I f y

f f y
−

−
′∀ ∈ =

′
  

)ا��ا�� ا���د�� ا�����f : !�� �0% ����0 : �	�ل ) 3 3f x x x= −  

 و)�د (�ول b6'�اf �R6أدرس ا��ا��  .1
]��� ا�0�ل  f&��ر ا��ا��  g%'� أن ا��ا��  .2 [1;I = +∞  C7�6


�ل   ��� ����
4 6-���ه Jدا�� ��1'� �  

)أ)41   .3 ) ( )1 0g − ′    

fD)�ود�� اذن  fا��ا��  )1أ<�?- :  =ℝ  

��ق ��� fاذن �#$� ��%�&ℝ 
)و    ) ( ) ( )( )3 ² 3 3 ² 1 3 1 1f x x x x x′ = − = − = − +  

fا#�رة  )ھ! ا#�رة  ′ )( )1 1x x− +  

( )( )1 1 0x x− + =  !���1 0x+ 1أو  = 0x− =  !���1x 1xأو  −= =  

( ) 3 3lim lim 3 lim
x x x

f x x x x
→+∞ →+∞ →+∞

= − = = +∞  

( ) 3 3lim lim 3 lim
x x x

f x x x x
→−∞ →−∞ →−∞

= − = = −∞  

  
��� 26ا���� & �� و
����  �g�ن g)41 (�ول b6'�ات ا��ا�� )2

[ [1;I =    (V�R� دا�� )�ود��) ∞+

 3�
6�C7 دا�� ��1'� 
���� ��� ا�0�ل : gو  

( ) [ [( ) [ [1; 2;J g I g= = +∞ = − +∞  

3( ( )
[ [1;

g x y

x

 =


∈ +∞

⇔ ( )
[ [

1

2;

x g y

y

− =


∈ − +∞

    

: ����� �'d�e41 ا�( ( ) ( )
( )( )

1

1

1
0

0
g

g g
−

−
′ =

′
  

 : fg�( )1 0g x− = !���0 ( )g x= !���3 3 0x x− =  

!���( )2 3 0x x − = !���0x 2أو = 3 0x − =  

!���0x 2أو = 3x = !���0x 3xأو = 3xأو = = −  

]و���? أن :    [1;x ∈ +∞    BhS� اذن T�� :3x =  

 : �)اذن � ) ( ) ( )
1 1

0
3

g
g

− ′ =
′

  

)و���? أ�g� أن :  ) 3 ² 3g x x′ = ) اذن :− )3 3 3² 3 6g′ = × − =  

: 3�
) و ) ( )1 1
0

6
g − ′ =  

-��rxا��ا�� :�1 x֏   ,'(r ∈ℚ  ل���ق ��� ا�0�#$� ��%�&

] [و �����:  ∞+;0] [( ) ( ) 10; ; r rx x rx −′∀ ∈ +∞ =  


D�ل: ] [( )
( )

2 2 3
1

5 5 5
3 3

5
5

2 2 2 1 2 1
0; ;

5 5 5 5
x x x x

xx

− −
′ 

∀ ∈ +∞ = = = = 
 

  

�� ا��ا�� ا�����0 8�����! :  : 8&��,;�/
أ)41 

] [( ) ( )
5

70; ;x f x x∀ ∈ +∞ =  

-���2:  
��'�n�
∗����ا 

ℕا��ا��.nx x֏ ل���ق ��� ا�0�#$� ��%�&

] [و �����:   ∞+;0] [( ) ( )
( ) 1

1
0; ; n

n
x u x

n x
−′∀ ∈ +∞ =   


D�ل: ] [( ) ( )
( )

3
2

3

1
0; ;

3
x x

x

′∀ ∈ +∞ =  

�� ا��ا�� ا�����0 8�����! :  : 9&��,;�/
أ)41 
] [( ) ( ) 50; ;x f x x∀ ∈ +∞ =  

 -�9�:3: X��8 إذاu  ل�
 ��� �� & �7)�
دا�� &�%�� �$#���ق و 
I �0`ℝ,  

)��ن :ا��ا�� ): ng x u x֏  ��� ق���#$� ��%�&I  .  

) و �����: ) ( ) ( )
( )( ) 1; n

n

u x
x I g x

n u x
−

′
′∀ ∈ = 

�� ا��ا�� ا�����0 8�����! :  : �	�ل�/
)أ)41  ) ( ) 3; ² 1x f x x∀ ∈ = +ℝ  

( ) ( )7
2 1f x x= −
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ا���ذ: ���� 
 

 

  
I I. :-� &��6��ت ا��ا�- ا��)

1. �3&�� ر&�?- دا�- وإ�Bرة �)
  دا�� ��د�� &�%�� �$#���ق ���  
�ل  ���� : :��9-

    ���! 26ا���� ���  
�ل   •


�ل   •  ��� �'�&��6 !���     


�ل   •  ��� ��%�i !���     

) 8�����! :ا�f  ����0ا��ا�� ����7  �	�ل: ) 2 2 2f x x x= + −  


-�ات  f) أ) 41�R���ت fD  2)�د  )1 ���fD  

) ) %'� أن:f5) )�د (�ول b6'�ات 4 أدرس b6'�ات )3 ) 3f x ≥ −
x∀ ∈ℝ  
fD)�ود�� اذن  fا��ا�� )1:ا���اب =ℝ  

2( ( ) 2 2lim lim 2 2 lim
x x x

f x x x x
→−∞ →−∞ →−∞

= + − = = +∞  

( ) 2 2lim lim 2 2 lim
x x x

f x x x x
→+∞ →+∞ →+∞

= + − = = +∞  

3(( ) ( )2 2 2 2 2f x x x x′′ = + − = +:x∀ ∈ℝ  

( ) 0f x′ = !���2 2 0x + =  !���1x = −  

)درس ا#�رة :  )f x′  

  
:X��8 اذا[ [1;x ∈ − )��ن :  ∞+ ) 0f x′ ≥  3�
  26ا���f 3و

:X��8 اذا] ]; 1x ∈ −∞ )��ن :  − ) 0f x′ ≤  3�
  f �'�&��6و

  )��je ا����]Z �! (�ول ��01 (�ول ا��b'�ات :4

  
 ا�����0'� 8�����! :        و  ����7 ا��ا��'�  :10&��,;

  
( )

( )

2 2 ; 1

2
5; 1

f x x x x

f x x
x

 = + ≤



= − + >


  و       

   ���� ا�'0'�  و��� ا�'1�ر ��أدرس &�%�'�  ا#���ق ا��ا�� )1

��ق ؟ fھC  ا��ا�� )2�#$�  ��%�&  

 ���  أدرس &�%�'�  ا#���ق ا��ا�� )3

) ا���اب : )

( )

2 2 ; 1

2
5; 1

f x x x x

f x x
x

 = + ≤



= − + >


)و     ) 21 1 2 1 3f = + × =  

1( ( ) ( )
1 1 1 1

4 4 4 2
5 3 21

lim lim lim lim
1 1 1 1x x x x

x
f x f x x x

x x x x+ + + +→ → → →

− +− + − − +−
= = =

− − − −
  

1 1

4 2 1 4 2 1
lim lim

1 1x x

x x

x x x x+ +→ →

− + − += × = × = −∞
− −

  

 3�
��ق fو�#$� ��%�& �'O ��� �'0'���0 ا� 1x =  
( ) ( ) 2

1 1

0 2 3
lim lim

1 1x x

f x f x x

x x− +→ →

− + −=
− −

  

: C'7& �
 0�C�# �� C�- غ 
-�د 

0
  


� ال ش غ م 
2�h]�% ?i  C'0����% $Dال: j�e��  
2(Bر��-�ود��  1�$)_ أن :  2 3x x+ −  

: ��� �01�1x اذن : ھ! 6�C7 ا� −  

) و%�=��0�ل 6��'� ا���01 ا[&�'��� �� أن : )( )2 2 3 3 1x x x x+ − = + −  

( ) ( ) ( ) ( )
1 1 1

0 3 1
lim lim lim 3 4

1 1x x x

f x f x x
x

x x− − −→ → →

− + −
= = + =

− −
  

 3�
���0 ا�'1�ر ��� &�%�� �$#���ق  fو 1x )و = )4 1gf ′=   

2( f  ق���#$� ��%�& �'O �'0'ا� ���  

 : 3�
��ق fو�#$� ��%�& �'O ���0 1x =  

3( 
)و     )0 0g =( ) ( )

( ) ( )
1 ; 0

1 ; 0

g x x x x

g x x x x

= − ≥


= − − ≤

  

( ) ( ) ( )
0 0 0

0 1 0
lim lim lim 1 1

0 0x x x

f x f x x
x

x x+ + +→ → →

− − −
= = − = −

− −
  

  3�
���0 ا�'0'� ��� &�%�� �$#���ق  gو 0x )و = )1 0df ′− =   

 ( ) ( ) ( )
0 0 0

0 1 0
lim lim lim 1 1

0 0x x x

f x f x x
x

x x− − −→ → →

− − − −
= = − + =

− −
  

 3�
���0 ا�'1�ر ��� &�%�� �$#���ق  gو 0x )و = )1 0gg′− =   

g  ق�����0  ��� ا�'1�رو��� ا�'0'� &�%�� �$#� 0x و��� :  =

( ) ( )0 0d gg g′ ′≠  

 : 3�
��ق gو�#$� ��%�& �'O ���0 0x =  

  ا�f   : !�����8 ����0����7 ا��ا�� :11&��,;

 ( ) 3 23 1f x x x= − +  

 ��'�( )fC  ا����� CD00ا�f  ?@�0
 �
���
 ?��
 !�( ), ,o i j
��

  


-�ات 
���0 ا�����> fأ) 41�R���ت  ا��ا��  .1 ��� 

2.  !�-�0�� �'[�R�$وع ا��	أدرس ا�( )fC  ا����� CD00ا�f  

�� ا��ا��  .3�/
  و أدرس إ#�رf �R6أ)41 

 .f`f  (�ول b6'�ات ا��ا��  .4

)�أدرس 6��� ا��0-� .5 )fC  ا����� CD00ا�fف� ��ا[ T� و)�د �

)%'� أن  .6 )1; 1A −   !�-�0�� Ci�06 28�
( )fC  

))�د 
��د�� ��00�س  .7 )T  !�-�0��( )fC  � �)�! ا�� )1; 1A − 

)أ�/5  .8 )fC  و( )T. 

  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  

fI
fI0≥( )f x′x I∀ ∈
fI0≤( )f x′x I∀ ∈
fI0=( )f x′x I∀ ∈

fg

( ) ( )1g x x x= −

f0 1x =

g0 0x =

( ) ( )1g x x x= −
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: M��2� ;,ر��&  
)ا�f    : !�����8 ����0����7 ا��ا��  :1&��,; ) 1f x x x= −  

��� ا�'0'�  و��� ا�'1�ر ���  fأدرس &�%�'�  ا#���ق ا��ا��  .1

0 0x = �R'�� C�-0ا� Z[����� �'=و�$ ھ��S6 Tوأ�  

0
���� ���  fھC ا��ا��  .2 0x  ؟ =

���0 ا�'1�ر ���  fأدرس &�%�'�  ا#���ق ا��ا��  .3 1x =  Tوأ�

.�R'�� C�-0ا� � S6و�$ ھ��='� ����'
ا�f    : !�����8 ����0����7 ا��ا��  :2&��,;

( ) 2 4 5f x x x= − −  

���0 ا�'1�ر ���  fأدرس &�%�'�  ا#���ق ا��ا��  1x = −  Tوأ�

�R'�� C�-0ا� �  S6و�$ ھ��='� ����'

� ا�-�[ت ا����'�  f)�د ا��ا�� ا�0/��� ���ا��  :3&��,; ���( C8 !�  

1(( ) 2f x =  2 (( ) 3 5f x x= −  3 (( ) 10f x x=    

4  (( ) 3 21
3 1

2
f x x x= − −  5 (( ) 25 10f x x x= −     

6   (( ) 4 2

2 1

x
f x

x

−=
−

  7   (( ) 46 cos 3sinf x x x x= − +  

8 (( ) 1

sin
f x

x
=     9   (( ) ( )2cos 7 2f x x= +     

 10  ( ( ) ( )3sin 4 3f x x= −    11(  ( ) 5 23f x x x= −     

12 (( ) 5 25 10f x x x= −     13 (( ) 4 sinf x x=       

;,��&4:  ����f : !�� �0% ����0ا��ا�� ا���د�� ا�( ) 3 3f x x x= −  

]��� ا�0�ل  f&��ر ا��ا��  g%'� أن ا��ا��  .4 [1;I = +∞ 


�ل   ��� ����
6�C7 دا�� ��1'� J 4 6-���ه�   

)أ)41   .5 ) ( )1 0g − ′    

;,��&5:  ����f : !�� �0% ����0ا��ا�� ا���د�� ا�( )
2

1

x
f x

x
=

+
  

] ��� ا�0�ل f&��ر ا��ا��  ��g أن ا��ا��  .1 [0;I = 6�C7 دا��  ∞+

  �'1��1g 
�ل −  ��� ����
J 4 6-���ه�   

)أ)41   .2 )1 1

2
g −  ′

 
 

    

;,��&6:   ����f : !�� �0% ����0ا��ا�� ا���د�� ا� ( )
2

2

1

1

x
f x

x

+=
−

  

]��� ا�0�ل fأدرس b6'�ات ا��ا�� .1 [0;1I 1أ)41  و  =

2
f
 
 
 

 

]ا�0�ل ���  fا��ا��%'� أن &��ر  .2 [0;1I 6�C7 دا�� ��1'� =


�ل   ��� ����
J 4 6-���ه�  
))�د  .3 )1f x−  

)أ)41   .4 )1 5

3
f −  ′ − 

 

   

;,��&7:  ����f  ���  ����0ا��ا�� ا���د�� ا�[ [0;I = +∞ 

: !�� �0% ( ) 2 1f x x= +  


�ل fا��ا��%'� أن  .1 ��� ����
6�C7 دا�� ��1'� J  4�
   6-���ه

أ)1 .2
ب  

( )3f 

و  

( ) ( )1 2f − ′

 
  

�دو ل 
��دوال 
ا����#� 
�دوال 

 ��د��ا
و 

ا�����ت 
�ول 
  ا�دوال

  
  
  
  
  
  
  
  
  
  

�ا�-�  -�ا��ا�- ا��)  

  

  

  

  

        

  

  

  

  

  

  

  

ا��ا�� ا�0/���  ا��ا��  

  

  

  

  

  

  

  

  

  

f ′

( )f x k=( ) 0f x′ =

( )f x x=( ) 1f x′ =

( )f x ax=( )f x a′ =

( )f x ax b= +( )f x a′ =

( ) nxxf =( ) 1nf x nx −′ = n ∗∈Z

( ) 1
f x

x
=( ) 2

1
f x

x
′ = −

( )f x x=( ) 1

2
f x

x
′ =

( ) xxf cos=( ) sinf x x′ = −

( ) xxf sin=( ) cosf x x′ =

( ) ( )baxxf += cos( ) ( )sinf x a ax b′ = − +

( ) ( )baxxf += sin( ) ( )cosf x a ax b′ = +

( ) tanf x x=( ) 2
2

1
1 tan

cos
f x x

x
′ = = +

f ′

( ) tanf x x=( ) 2
2

1
1 tan

cos
f x x

x
′ = = +

( )f x u v= +( )f x u v′ ′ ′= +

( )f x u v= −( )f x u v′ ′ ′= −

( ) .f x k u=( ) .f x k u′ ′=

( )f x u v= ×( )f x u v u v′ ′ ′= × + ×

( ) nf x u=( ) nf x nu u′ ′= ×

( ) 1
f x

u
=( ) 2

u
f x

u

′′ = −

( ) u
f x

v
=( ) 2

u v u v
f x

v

′ ′× − ×′ =

( )f x u=( )
2

u
f x

u

′′ =
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